We present an improved analytical ansatz for the colloid-nematic direct correlation function. This ansatz is more accurate than our earlier version, and yields numerical results that are very close to the true mean spherical approximation for dilute nematic colloids. Furthermore, the improved ansatz is valid for external fields of any strength. We examine the zero-field behavior of the colloid-colloid potential of mean force in light of the improved ansatz, and show that at zero field and large separations this function decays as R −5 and grows as Σ 6 , where Σ is the colloidal diameter. These dependencies are consistent with our earlier conclusions based on a less accurate version of the ansatz. As with the original ansatz, the improved version remains analytical and can be readily applied to a broad range of physically interesting systems. These include patterned and nonspherical colloids, colloids trapped at interfaces, and nematic fluids in confined geometries, e.g. in droplets.
Introduction to molecular modelling and correlations in nematic colloids
Nematic colloids consist of colloidal particles suspended in nematic liquid crystal. These are of much current interest because the colloidal particles show a variety of structures that can be altered by varying physical factors such as the strength and direction of external fields [1, 2] . Nematic colloids are intriguing from both fundamental and practical perspectives. All molecular interactions in the system are short-ranged, but colloidal particles effectively interact as oriented multipoles at long distances. In a way these systems are the inverse of fluids of charged particles, where the interaction potential is long-ranged but the correlations are short-ranged due to screening. We believe that the origin of such electrostatic-like behavior is the presence of long-range correlations in the bulk. In [3] we applied the Ornstein-Zernike (OZ) equation to nematic colloids to show how the electrostatic analogy asymptotically appears in the molecular theory of correlations. Our theory starts at the level of particle interactions modeled in a physically relevant way, and employs the Ornstein-Zernike and Lovett equations (OZL) for pair correlation functions and single-particle distributions. The general solution of these equations gives a description of long-range and shortrange effects in nematic colloids, and takes account of orientational and density fluctuations. The approach can be equally applied to concentrated and dilute mixtures for colloidal particles of any size ranging from nanometers to micrometers. After the solution is obtained, the corresponding thermodynamics is available via exact relations of statistical mechanics [4, 5] .
The equilibrium single-particle distribution and pair correlation functions for nematic colloids are found by solving the OZ relationship,
combined with the exact Lovett equation [6] . In equation (1), c αβ and h αβ are the direct and total correlation functions, ρ N (3), ρ C (3) are the density distributions of the nematic (N ) and colloidal (C) components, and α, β represent C or N . Also, for a nematogen, the label 1 denotes the coordinates (R 1 ,ω 1 ), and for a spherical colloid 1 ≡ (R 1 ). The functions in equation (1) describe all structural properties of the mixture at nanoscale and microscale levels. The exact OZ equation must be solved in conjunction with another approximate expression relating the total and direct correlation functions, such as the Percus-Yevick, hypernetted chain (HNC) or mean spherical approximation (MSA) closures. A closure is the only approximation that is necessary in the integral equation theory. For a dilute (ρ C → 0) nematic colloid, the OZ equation takes the form,
The physical meaning of all functions in equation (2) is clear; ρ N (ω) gives the orientational distribution in a pure nematic, whereas, ρ N (1)[1 + h NC (1, 2)] gives the complete distribution of nematic fluid about a colloidal particle. The latter function takes into account all changes at a given point R 1 induced by the colloidal particle at R 2 ; these include changes in the local density and in the orientational distribution of the nematic fluid. The colloid-colloid potential of mean force at the HNC level is conveniently given by
where v CC (1, 2) is the direct pair interaction between the colloidal particles. We consider a model [7] [8] [9] consisting of a system of uniaxial particles [nematogens (N )] interacting through a pair potential taken to be the sum of a hard-sphere interaction (sphere diameter σ) and an anisotropic part defined by
where P 2 (ω 1 ·ω 2 ) is the second-order Legendre polynomial, R 12 is the center-center distance, the unit vectorω i denotes the orientation of particle i, and
Here, A N and z N are the energy and the length parameters characterizing the interaction. The nematogen interaction with the external field is given by
where W is the field strength. This interaction orders the bulk directorn parallel to the field. The OZL equations for this model have been solved analytically in the MSA [7, 8] .
The model colloidal particles (C) are taken to be hard spheres of diameter Σ. Van der Waals or other direct colloid-colloid interactions could easily be included through the v CC (1, 2) term in equation (3) . The interaction of nematogens with the surface of a colloidal particle is modeled as
where s 12 is a vector connecting the nearest point of the surface of colloid 2 with the center of nematogen 1, andŝ 12 = s 12 /s 12 . Note that positive and negative values of A C favour, respectively, perpendicular and parallel orientations of nematogen molecules with respect to the surface. For z C σ = 1 the nematogen-colloid interaction range is of the order of the nematogen "length". The strength of the nematogen-colloid interaction is determined by A C , and z C , and will vary for different surfactants. The magnitude of A C depends on the surfactant concentration on the colloidal surfaces.
For micron and submicron colloids the solution of equation (2) can be greatly simplified for model (4) (5) (6) (7) . For this case we have suggested an ansatz, namely that the direct correlation function c CN (1, 2) can be taken from the wall-nematic solution that has been obtained for any orientation of the wall with respect to the field [9, 10] . It is important that the solution was obtained subject to well defined boundary conditions at infinity: the director parallel to the field. This ansatz is very convenient because within the MSA the wall-nematic direct correlation function can be obtained in explicit form [11] . This permits explicit microscopic calculations of the density and orientational profiles [12] , as well as effective interactions (potentials of mean force) between pairs of colloidal particles [13] . If the directorn is fixed parallel to the z-axis, the total correlation functions in the MSA are found in the form of spherical harmonic expansions,
If all correlation lengths are finite and smaller than the colloidal radius, the ansatz gives a very good approximation. A problem arises if some correlation length is larger than Σ. The correlation length of h NN 22|m|=1 (R 12 ) in the nematic phase depends on the external field W [3],
where the elastic constant K and order parameter S 2 are not sensitive to the influence of small fields. This means that in the case of zero field the correlation length is infinite. It was shown in [7] that these critical (Goldstone or elastic) correlations decrease at long distances as 1/R 12 . Moreover, they generate long-range asymptotes in h CN (R 12 ,ω 2 ) harmonics, in particular those that are coupled with h NN 22|m|=1 (R 12 ) through equation (2) . Physically this means that a single colloidal particle induces long-range distortions in the distribution of surrounding nematic. Using the ansatz for the colloid-nematic direct correlation function we obtain [3] the following asymptote for the total correlation function at zero field and Σ σ,
where h WN 221 (s = σ/2) is the contact value of the corresponding harmonic of the wall-nematic correlation function, and B can be expressed through the bulk elastic constant K and order parameter S 2 ,
The notation . . . ω indicates f N (ω)(. . . )dω, and f N (ω 1 ) = ρ N (1)/ρ N is a single-particle distribution function in the bulk. Finally, at the HNC level the asymptote of the effective colloidal interaction was found in [3] to be
As mentioned above, the ansatz is reliable when ξ < Σ, but may give inaccurate results at small fields, where ξ > Σ. We investigated the reliability of the ansatz in [11] . The test calculations were based on verification of an exact consequence of the impenetrability of hard cores, namely h CN (R 12 ,ω 2 ) = −1 if R 12 < Σ+σ 2 . Thus, the exact condition implies that
for R 12 < (Σ + σ)/2. We found that since harmonics with |m| = 1 are not coupled with elastic bulk harmonics and are relatively short-ranged, for these harmonics our ansatz essentially satisfies the core condition for colloidal sizes larger than 50σ for all system parameters considered. This is not the case for the harmonics h CN 22±1 (R 12 ). The problematic harmonics calculated with the ansatz are plotted in figure 1 for two colloid sizes, Σ = 50σ and 500σ, and small, W = 10 −4 k B T , and zero external fields. The colloidal length parameter z C σ = 0.2. The remaining model parameters are the same for all numerical calculations presented in this paper: z N σ = 1, A N = k B T , η = πρσ 3 /6 = 0.35 and A C /A N = 2. One can see that the condition (14) essentially holds at W = 10 −4 k B T for the larger particle, but not for Σ = 50σ. Note that the correlation length equals 161.5σ at the given field. In the zero field case, where ξ is infinite, the core condition is not well satisfied for colloidal particles of any size. Clearly our ansatz requires improvement in the low field (large ξ) limit, and this is the purpose of the present paper. We show how the ansatz can be much improved and examine the consequences for the zero-field asymptotes defined by equations (10) and (12).
Corrected ansatz for small or zero fields
Numerically, it is possible to correct the ansatz taken from the wall problem by introducing a single parameter. We scale the analytical expression for harmonics |m| = 1 inside the hard core,
and choose the coefficient q (0 < q < 1) such as to minimize
Note thatc CN 221 (R 12 ) outside the core remains the same and satisfies the MSA closure,
The corrected ansatz appears to be very close to the true MSA solution of equation (2), even at zero field (see figure 2) . We have calculatedh figure 3) . Numerically, we find that the deviation from 5/4 lies within 2 per cent. Thus for sufficiently large colloidal particles, the asymptote (11) can be easily corrected at zero field by including a factor of 5/4. In experiments typical colloidal sizes are of order 10 3 σ. The factor 5/4 is not accidental. Formally we can take the limit of zero field (ξ → ∞) for the case of the tilted wall (from equation (17) of [11] ). In this case the asymptote of the wall-nematogen total correlation function tends to a constant value at large distances from the wall,
where the unit vectorŝ defines the orientation of the wall normal with respect to the field, and ω N is a molecule orientation.
On the other hand, we can consider the limit of the distribution function around a spherical colloid [equation (10) ] as Σ → ∞. Note that the limit of zero field, ξ → ∞, is taken first. At the distance s = R − Σ/2 outside the surface, Σ 3 /R 3 tends to 8, since Σ → ∞ and s Σ. By puttinĝ s ≡R 12 andω N ≡ω 2 one can see from equation (11) 
In other words, the order in which two limits are taken does matter if one uses the direct correlation function from the wall problem as an ansatz for spherical colloids. If the asymptote is corrected with a factor of 5/4 the inconsistency does not appear. Following [3] , one can see that any correction of asymptote (10) with a given factor results in a correction of asymptote (12) with the same factor squared. Thus, the asymptote of the potential of mean force should be corrected with a factor of (5/4) 2 . If the correlation length ξ is smaller than Σ, one would expect the fluid distribution about a colloid obtained with the ansatz to coincide with the distribution near the plane wall, at least for s Σ. Our numerical analysis for Σ = 500σ, z c σ = 1 and distances up to several 10σ shows that this is true for βW = 10 −4 and ξ = 161.5σ. The picture is different, however, for the smaller field, βW = 10 −6 , where ξ ∼ 1615σ is larger than Σ. In this case h
We are especially interested in verifying the Σ-dependencies of the asymptotes (10) and (12), particularly because phenomenological theories appear to disagree on this matter. A theory with imposed weak boundary conditions at colloidal surfaces predicts the interaction of colloids (that exhibit up-down symmetry) to be proportional to Σ 8 [14] . At the same time the theory of Lubensky et al. [15] , based on rigid boundary conditions, predicts that the interactions behave as Σ 6 . Our molecular theory does not impose boundary conditions at colloidal surfaces, but instead calculates them. All information about any Σ-dependence is contained in the direct colloid-nematic correlation function. In fact the Σ-dependence of asymptote (10) at zero field is defined by the c CN 221 behavior at small k in Fourier space. The uncorrected ansatz gives the following expansion for large Σ at zero field [3] ,
To investigate further, we consider the expansion (20) for the corrected ansatz, which takes the form,c
The first impression is that the coefficient of k 2 now has a Σ 4 -dependence. However, this turns out not to be true. Numerical calculations of (−1 + q)Σ were done for different Σ, up to 1500σ. For σ = 2nm, order of size of 5CB molecules, this corresponds to colloids of 3µm in diameter. We considered various interaction parameters (z C σ = 0.1, 0.2, 1, 2). In all cases the value of (−1 + q)Σ tends to a constant limit at large Σ (figure 4). In other words, the fact that q = 1 corrects asymptotes (10) and (12) with the factors 5/4 and (5/4) 2 , respectively, but does not change their Σ-dependence at zero field. Thus, the MSA results support the conclusion on the Σ-dependence reached in [15] , where rigid boundary conditions were employed. It should be emphasized that in our model the calculated director distribution in the vicinity of colloids is not coupled rigidly with normals to the colloidal surface [12] . The full coefficient of k 2 in equation (21) divided by Σ 3 /z C is plotted in figure 5 for different values of z C σ. One can see that a Σ 3 -dependence holds in all the cases for Σ > 500σ.
Summary and conclusions
In this paper we have developed an improved ansatz for the colloid-nematogen direct correlation function. In our previous studies we suggested that a general solution of the Ornstein-Zernike equation for a nematic fluid in the presence of a wall, arbitrarily oriented with respect to the nematic director, can be very useful for the investigation of dilute nematic colloids. In fact, we suggested using the wall-nematogen direct correlation function, obtained explicitly in [11] , as an ansatz for the direct correlation function in nematic colloids. This ansatz permits explicit microscopic calculations of the density and orientational profiles, as well as potentials of mean force for large colloidal particles, such as those used in numerous experiments. This ansatz works very well in the presence of external fields, when all correlation lengths are smaller than the colloidal radius. At small and zero external fields the results of this ansatz, particularly asymptotes at zero field, need some correction. The reason for this is that the "elastic" correlation length in the nematic phase is infinite at zero field. Here we suggest a simple scaling of the ansatz, which gives results numerically very close to the MSA solution of the OZ equation for nematic colloids in the presence of arbitrarily weak fields, including the zero field case. Our study of spherical colloids shows that the improved ansatz corrects asymptotes of the nematic distribution about a colloidal particle and the colloid-colloid potential of mean force with factors 5/4 and (5/4) 2 , respectively, but it does not change the dependence of the asymptotes on the colloidal diameter, or on the interparticle vector.
Finally, the ansatz taken from the wall-nematic problem has some additional advantages. Unlike a direct solution of the OZ equation for nematic colloids, the same analytical expression can be used with little adjustments for physically different systems, e.g., nonspherical colloids, colloids with a nonuniform distribution of surface surfactant (patterned colloids), colloids trapped at interfaces, as well as nematic droplets.
